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I. PERSONNEL 
In addition to the Principal Investigator, this research 
involved the post-doctoral student, Dr. Franco Vivaldi, and the 
foreign research collaborators, Professor Giulio Casati (University 
of Milan, Italy) and Professor Boris V. Chirikov (Novosibirsk 
University, USSR). 
II. ACTIVITIES AND PAPERS  
The Principal Investigator presented invited talks at the 
University of Virginia and the University of Missouri-Rolla. He 
also presented a series of invited bctures during a two week period 
in April as part of the Ergodic Year Program held by the •thematics 
Department, University of Maryland. He was scheduled to visit Professor 
Chirikov in Novosibirsk for the month of August under a DOE-Soviet AEC 
agreement, followed by a two week visit with Professor Casati in Milan; 
however, this whole trip was cancelled when Moscow refused visa 
clearance for unknown reasons. Fortunately, Dr. Vivaldi, after spending 
the month of August in Milan with Professor Casati, was cernitted to 
enter the USSR under an Italy-USSR agreement and to spend September and 
October in Novosibirsk with Professor Chirikov. Finally, during the spring 
of 1981, the Principal Investigator will present invited lectures at the 
two conferences: "Workshop on Long-Tine Predictions in Nonlinear 
Conservative Dynamical Systems," March 16-19, Austin, Texas; 
"International Symposium on Synergetics," April 27-May 2, Bavaria. 
The following papers either have appeared or will appear: 
1. J. Ford, "Ergodicity for Economists," in G. P. Szego, New Quantitative 
Techniques for Economic Analysis (Academic Press, New York, to 
appear in 1981). 
2. J. Ford, "Ergodic Theory," in Encyclopedia of Physics, Ed. by 
R. G. Lerner and G. L. Trigg (Addison-Wesley Pub. Co., Reading, 
Mass., 1980). 
3. J. Ford, "How Random is a Coin Toss: Chaos in Nonlinear Systems," 
in Proceedings of the Ergodic Year at Maryland, Ed. by Anatole 
Katok (to appear in the Birkhauser Series: Progress in Matherttics). 
4. F. Vivaldi and J. Ford, "Period doubling to Chaos in the Undamped 
Duffing Equation," Phys. Rev. A, in preparation. 
5. J. M. Greene, R. S. MacKay, F. Vivaldi, and M. J. Feigenbaum, 
"Universal Behavior in Families of Area-Preserving Maps," 
Physica D, submitted. 
6. J. Moser and F. Vivaldi, "Studies of a Plane, Area-Preserving 
Mapping: A Stability Problem," Physica D, in preparation. 
III. BRIEF DESCRIPTION OF THE RESEARCH  
Since the inception of this Grant (h/1/79), we have sought a 
detailed understanding of chaos (turbulence) in the well-known Duffing 
equation 	
Y + by + w0 21 ° - RY 3 + Dcoswt 	 (1) 
in the belief that the chaotic behavior of this simple system is 
characteristic of almost all driven, nonlinear oscillators. Georg 
Haubs, whose M.S. thesis was mentioned in the Previous Progress Report 
for the period 4/1/79-12/31/79, discovered the existence of a strange 
attractor for Eq. (1); but Huberman and Crutchfield, Phys. Rev. Lett. 
43 2 1743 (3 Dec 1979), published first. In seeking to reproduce the 
Huberman-Crutchfield calculations, Franco Vivaldi discovered the 
existence of two neighboring strange attractors rather than just one. 
All the above attractors arise as the endpoint of some period doubling 
sequence of periodic orbits which appear as some system parameter is 
varied and, moreover, these sequences have precisely the properties 
predicted by the Feigenbaum theory of universality for dissipative 
systems. As Vivaldi continued his investigation, he noted that period 
doubling to chaos continued to exist as he reduced the damping parameter 
b in Eq. (1) toward zero. He then set b = 0 and, as anticipated, found 
period doubling to chaos to persist, although now the endpoint is a 
non-attracting, chaotic point set rather than a strange attractor. 
In addition, he found that the Feigenbaum theory appears to apply even 
to the conservative, undamped, b = 0 system except that the values of 
certain numerical ratios are different. As a consequence, one suspects 
that period doubling and universality play a significant role in the 
appearance of chaos (turbulence) in a broad specturm of systems. These 
results will be published in Paper # 4 listed above. 
In the midst of these calculations, we learned that a number 
of other investigators were obtaining similar results for various 
nonlinear systems. We then organized a special, informal meeting 
during the spring of 1980 to coordinate the efforts of all. Vivaldi 
has been especially active in this collaboration and sons of the 
research results will appear in Paper # 5. Of these results, perhaps 
the most significant is extension and generalization of Feigenbaum's 
original theory to cover conservative systems. Additional results are 
being published by several investigators as individual papers. 
At the December, 1979, meeting on Nonlinear Dynamics in New York, 
Jurgen "loser requested Franco Vivaldi to perform certain commuter studies 
of stability for a special area-preserving mapping with the intent to 
publish a joint paper co-authored by Yoser and Vivaldi. This computer 
study has now been completed and forwarded to'poser. The final work 
will appear as Paper # 6 above. 
The Principal Investigator continues to collaborate with Professor 
Chirikov (Novosibirsk) on the stability of relativistic particle beaus and 
with Professor Casati (Milano) on the study of quantum chaos in simple 
billiard models. In addition, he continues to investigate certain significant 
but quite "far-out" questions whose answers appear to lie tantalizingly 
close to the reach of contemporary nonlinear dynamics. A brief discussion 
of these questions follows. 
The fact that most classical many-body systems can now be proven to 
obey statistical mechanics and thermodynamics only emphasizes the 
well-'known fact that integrable system obey neither. Thus, can we 
not devise an integrable system which cyclically absorbs energy in 
the form of heat and delivers this enery in the form of work, thus 
violating Kelvin's statement of the second law? Certainly this possibility 
is a "long-shot," but, nonetheless, armed . with the new tools supplied by 
nonlinear dynamics, for the first time we know how to attack the problem. 
The search for a suitable integrable system is being conducted in 
collaboration with the low temperature experimentalist, Professor Bascom 
Deaver of the University of Virginia. 
Newtonian mechanics is generally regarded as deterministic, not 
random. But the orbits of a chaotic Newtonian system are rigorously 
known to exhibit observable random properties. Thus, there is a very 
real, if little recognized, crisis or paradox in Newtonian mechanics; 
namely, is it random or deterministic in character2 In seeking to re-
solve this paradox, one discovers that chaotic Newtonian systems can 
be regarded as deterministic if and only if one possesses truly infinite 
observational and computational precision; finite precision no matter 
how great is not enough. Since truly infinite accuracy is impossible, 
one concludes that Newtonian mechanics is random in some sense. If the 
randomness is not to remain forever arbitrary (depending on the accuracy 
of currently available instruments), then there must exist a new 
"uncertainty principle" which provides the ultimate upper limit to 
observational and/Or computational precision. We are currently seeking 
to uncover this new "uncertainty princinle" and to explore the multi-
tudinous avenues connected to the random-deterministic paradox. A fuller 
discussion of this speculative research will appear in Paper # 3. 
IV. CURRENT SUPPORT 
In addition to the research support provided by the present 
NSF Grant DM-7828581, Dr. Ford's research group will soon also 
be supported in part by the Department of Energy Contract 
No. DE-AS05-81ER40003.A000 (final contract arrangements are now 
being negotiated). This is a one year contract with a starting 
date of November 1, 1980, with a total budget of $52,000, and with 
the title "Numerical Studies of Arnold Diffusion in the Beam-3eam 
Interaction of Intersecting Storage Rings." As stated in the proposal 
to D.O.E., Dr. Franco Vivaldi will assure primary and full time 
responsibility for the performance of the proposed research for 
D.O.E. Dr. Ford will serve primarily as overseer for this research; 
one month's salary for Dr. Ford is included in the D.O.E. contract 
budget. 
No further research support is pending or being sought. 
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Classical and Quantum Theory of Turbulent Behavior in Nonlinear Systems 
PART II—SUMMARY OF COMPLETED PROJECT (FOR PUBLIC USE) 
Despite the. determinism which pervades the currently accepted theories in science, 
almost all natural phenomena exhibit randomness at every level from the turbulent flew 
of a mountain stream to the Brownian motion of a microscopic particle. The research here 
outlined has sought, on a practical level, to understand, to . explain, and to illustrate 
the mechanisms whereby deterministic physical systems can yield turbulently random be-
havior, and simultaneously, at a deeper philosonhical level, it has sourrht to fully re-
solve the logical contradiction in the term "determinate randomness." Over the oast 
three years, this research has shown that deterninate chaos is the underlying cause of 
tie diffusive energy flow in the form of heat, and it has revealed that weak chaos is a 
dangerous instability for high energy, colliding beam machines (p-p or ipp) now under 
design or construction around the world. On the mathematical side, this research has 
exposed several new "routes to turbulence" in model systems. Finally, at the deepest 
theoretical level, this research has used algorithmic complexity theory to resolve' the • 
centuries old random-determinate paradox, and, in so doing, it has uncovered ideas 
which noint toward the need for a third revolution in phys'ics as pervasive and extensive 
as the earlier revolutions of relativity and quantum mechanics. 
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FINAL PROJECT REPORT 
NSF GRANT D1R-7827584 
FOR THE PERIOD APRIL 1, 1979 to SEPTE2BER 30, 1982 
PERSONNa 
In addition to the Principal Investigavor, this research 
involved the graduate students David Vogel, Georg Haubs, Ulrich 
Steiger, and Bruno Eckhardt, the post-doctoral student, Franco 
Vivaldi, and the visiting professors Dr. G. H. Walker (University 
of Tennessee at Chattanooga), Dr. Giulio Casati (university of Milano), 
Dr. Boris V. Chirikov (Institute of Nuclear Physics, Novosibirsk), 
and Dr. Nobu Saito (Waseda University, Tokyo). 
II. ACTIVITIES AND PAPERS 
During this three year periodl the Principal Investigator has 
on average participated as an invited speaker at five conferences/year 
and presented seminar talks at universities in the US and abroad at an 
average rate of about eight talks/Year. He has served as co-organizer of 
• two distinct conferences to be held in June of 1983. During this period 
he has served. as an editor. of Physic: D: Nonlinear Phenomena and on the 
editorial board of the Journal of lathematical Physics. 
Copies of the following papers are supplied herewith: 
Abstracts for the Master of Science Theses of Georg Haubs and 
Bruno Eckhardt. 
1. G. Casati, R. V. Chirikov, F. M. Izraelev, and J. Ford, "Stochastic 
Behavior of a Quantum Pendulum Under a Periodic Perturbation," Lecture 
Notes in Phy7ics, Vol. 93, Edited by G. Casati and J. Ford (Snrimer- 
Verlag, Berlin, 1979). 
2. G. Casati, B. V. Chirikov, and J. Ford, Tlarginal Local Instability 
of Quasi-PeriOdic Motion," Physics Lett. 77A, 91 (1980). 
3. B. V. Chirikov, J. Ford, and F. Vivaldi, "Some Numerical Studies of 
Arnold Diffusion in a Simple Model," AIP Conf. Proc. 57, 323 (1979). 
-4. J. Ford, "agodicity for Economists," in New Quantitative Techniques 
for Economic Analysis, Edited by G. Szego (Academic Press, Inc., New 
York, 1982). 
5. J. Ford, "Ergodic Theory," Encycolpedia of Physics, Edited by R. G. 
Lerner and G. L. Trigg (Addison-Wesley Publishing Company, Inc., New 
. York, 1981). 
6.J. Ford, "How Random is a Coin Toss?" Long-Time Prediction in Dynamics, 
Edited by C. W. Horton, Jr., L. E. Reichl, and V. G. Szebehely (John Wiley 
and Sons, Inc., New York, 1983). 
7. J. Ford, F. Vivaldi, B. V. Chirikov, F. M. Izraelev, and D. L. 
Shepelyansky, "The Modulation Diffusion in Nonlinear Oscillator Systems," 
Proc. Intl. Conf. on Nonlinear Oscillations, Kiev, 1981 (to appear). 
8. J. M. Greene, R. S. MacKay, F. Vivaldi, and I. J. Feigenbaum, "Universal 
Behavior in Families of Area-Preserving Maps," Physica 3D, 468 (1981). 
9. N. Saito, H. Hirooka, J. Ford, F. Vivaldi, and G. H. Walker, "Numerical 
Study of Billiard Motion in an Annulus Rounded by Non-Concentric Circles," 
Physica 5D, 273 (1982). 
10.J. Ford, "How Random is a Coin Toss?" Physics Today, April 1983 issue, 
p. 140. 
The following papers are at various starres of the publication 
process. Copies will be forwarded to NSF at a later date. 
11. G. Casati, J. Ford, W. I. Visscher, and F. Vivaldi, "Validity 
of the Fourier Heat Law for a Simple, One-Dimensional Model," 
Phys. Rev. A (to be submitted). 
12.F. Vivaldi and J. Ford, "Period Doubling to Chaos in the Undamped, 
Driven Duffing Equation," Phys. Rev. A (to be submitted). 
13. J. Moser and F. Vivaldi, "Studies of a Plane, Area-Preserving 
Mapping: A stability Problem," Physica D (to be submitted). 
14.B. Eckhardt, J. Ford, and F. Vivaldi, "A Class of Dynamical: Systems 
Which Are Analytically Solvable but not LA-Integrable," Physica D 
(to be submitted). 
III. TECHNICAL DESCRIPTION OF PROJECT AND RESULTS 
Earlier Progress Reports in concert with the above summary 
of Part II (Form 98A) and the enclosed reprints describe and 
summarize our scientific results of the past three years quite 
adequately. Here we need only briefly outline the contents of the 
four papers yet to be published. Reference 11 will, at long delayed 
last, firnly establish that the Fourier heat law is valid for chaotic 
dynamical systems but not otherwise. Reference 12 establishes that 
the Feigenbaum period doubling to chaos observed for a manning system 
in Ref. 8 also occurs in differential equation systems. Reference 13 
studies the character of stability (or its lack) in the solar system 
using an exotic mapping system. Finally, as mentioned in Part II (form 98A) 
above, we have resolvcd the random-deter-linate paradox. Since 
we now know what random is, we also know what not-random is. As 
a consequence, in Ref. 1L we expose a broad new class of dynamical 
systems which have meaningful analytic solutions but which are not 
integrable in the historically accepted sense. 
